>< 



Journal of Lie Theory 
Volume 18 (2008) ??-?? 
© 2008 Heldermann Verlag 



Closedness of the tangent spaces 
to the orbits of proper actions 
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^ ■ Abstract. In this note we show that for any proper action of a Banach-Lie 

Q-ij group G on a Banach manifold M , the corresponding tangent maps q — > T X (M) 

•^ ■ have closed range for each x € M , i.e., the tangent spaces of the orbits are closed. 

£—n , As a consequence, for each free proper action on a Hilbert manifold, the quotient 

£f) • M/G carries a natural manifold structure. 
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1. Introduction 



It is a classical result of Palais that a proper smooth action of a non-compact finite- 
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dimensional Lie group G on a smooth manifold M behaves in many respects like 
the action of a compact Lie group. In particular, all orbits are closed submanifolds 
and the action of G on a suitable neighborhood of an orbit can be described nicely 
in terms of the action of the compact stabilizer group on a slice ( |Pa61j ). Since 
properness of a group action is a purely topological concept, it also applies to 
smooth actions of Banach-Lie groups on Banach manifolds. However, one cannot 
expect results as strong as Palais' in this context. One reason is that a closed 



subspace of a Banach space need not have a closed complement, c (N) C £°°(N) 
being a simple example. Since the translation action of the closed subspace co(N) 
on £°°(N) is proper, properness does not imply anything on the existence of closed 
complements. In particular, slices need not exist for proper smooth actions. 

Since the stabilizer subgroups G x are compact for a proper action, they 
are in particular finite-dimensional Lie subgroups, so that the quotient G/G x 
carries a natural manifold structure and the smooth injection G/G x — > Gx is 
a topological embedding. In this sense all orbits of a proper action carry a natural 
manifold structure. The main concern of this note is to show that this manifold 
structure is, at least in a very weak sense, compatible with that of the surrounding 
manifold M, namely the tangent space of Gx, i.e., the image of the tangent 
map T e {G) — > T X (M) of the orbit map, is a closed subspace of T X (M) . As a 
consequence, Palais' theory carries immediately over to proper actions on Hilbert 
manifolds. In the general case our result eliminates at least one of the assumptions, 
usually stated in addition to properness, for a slice theorem or a quotient theorem 
to hold (cf. |Bo89al Ch. 3, §1, no. 5, Prop. 10]). 
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2. Tangent maps of proper actions 

Let G be a Banach-Lie group with Lie algebra g = L(G) and neutral element e. 
In the following M will be a smooth Banach manifold with a smooth action 
$ : G x M — > M of G. The diffeomorphism of M defined by g G G will be 
denoted $ 9 : M — > M and $(g,x) will simply be written g ■ x or gx. For each 
x G M we denote the or&zi map by $ x : G — > M , g ^ gx. 

To each (egwe associate the corresponding vector field £a/ on M , defined 
by £,m(x) = j§ | +_ < ^ ) oxp(to( x ) an< ^ recan that the linear map g — >■ V(M), £ i— >■ — £m 
is a morphism of Lie algebras. 

The action is said to be proper if the smooth map Q:GxM^MxM, 
(g,x) i— > (gx,x), is proper, i.e., a closed map with compact fibers 

G- 1 ^,!/) = {(0, j/) eGxM: 5? / = x}. 

If G and M are finite-dimensional, i.e., locally compact, properness of the action 
is equivalent to inverse images of compact subsets K C G x M under B being 
compact. 

In this note we show the following theorem: 

Theorem 2.1. // the action of G on M is proper, then the image of the 
bounded linear map 

m x = T e $ x : -► T X M, £ ^ £ M (x) 

is closed for all x G M . 

For the proof we need the following three lemmas. With the first lemma we 
are able to describe the kernel of the map TJ& X as the Lie algebra of the isotropy 
group of x, for an arbitrary x G M . 

Lemma 2.2. For each x G M the following assertions hold: 

(a) The isotropy subgroup G x := {g G G \ gx = x} is a compact Lie subgroup of G . 

In particular, its Lie algebra q x = {£ G | (,m( x ) = 0} is finite- dimensional, 
hence complemented. The quotient space G/G x carries a natural manifold 
structure such that for each closed complement t) x of q x in g the map 
fj-E — > G/G x ,£ 1— > exp(£)G a is a local diffeomorphism in 0. 

(b) The orbit map § x : G — >• M induces a topological embedding G/G x — > M onto 

a closed subset. 

Proof. (a) It follows from the properness of the action that the set -1 (x, x) = 
G x x {x} is compact. Hence G x is a compact subgroup of G and therefore a 
finite-dimensional Lie subgroup (cf. [Ne06l Thm. IV.3.16]; }GN08j and [HM981 
Thm. 5.28]) whose Lie algebra is 

Bx = {£ e fl= exp(R0 C G x } = {£ G g: £ w (x) = 0} = ker(^ x ). 

Since the finite-dimensional subspace g x of g has a closed complement, G x is a 
split Lie subgroup (called a Lie subgroup in |Bo89aj ). so that the remainder of (a) 
follows from |Bo89al Ch. 3, §1.6, Prop. 11]. 

(b) This is a general property of proper group actions ( [Bo89bt Ch. 3, §4.2, 
Prop. 4]). ■ 
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The second lemma is a well-known fact in functional analysis and can be 
found for example in |RY08t Lemma 4.47]. 

Lemma 2.3. Let X and Y be Banach spaces and T: X — > Y be continuous 
linear. If there exists an a > such that \\Tx\\ > a||a;|| for all x G X , then Im(T) 
is closed. 

The third lemma we will need can be found in |Bo514 IV, §1, no. 4]: 

Lemma 2.4. Let I be an interval and W an open subset of a normed space E . 
Let k : I —* ]R>o be a real regulated function and f : I x W — > E a function 
satisfying \\f(t,Xx) — f(t,x 2 )\\ < k(t)\\xi — x 2 \\ for all t E I and Xi,x 2 G W. 
Let Ui : I — > W , i = 1,2, be two differentiable function which are approximate 
solutions of c{t) = f(t,c(t)) in the sense that \\ui(t) — f(t,Ui(t))\\ < e$ for all t G I 
and i = l,2. Then we have for t G I with t > to: 



where 



and 



\ui(t) - u 2 (t)\\ < \\ Ul (t ) - m 2 (*o)||A(<) + (£i + e 2 )U(t) 

A(t) = 1 + / k(s) exp I / k(r)dr j ds 
n(t) =t-t + / - t )k(s) exp ( / k(r)dr J ds. 



Proof. [of Theorem I2.1J Let \) x C g be a closed complement of g x (see 
Lemma l2T2T a)). There exists an open neighborhood V of G fja- such that the map 
7: i) x — > G/G X) ^ 1— > exp(^)Ga;, is a diffeomorphism onto an open subset of G/G x . 

Choose r > such that the closed ball B r (0) is contained in V. Since the 
orbit map $ x defines an embedding of G/G x into M, for each sequence (£ n ) in 
t) x with ||£ n || = r for all n G N, the sequence (exp(£ n ) • x) cannot converge to 
x G M because exp(£ n )G x does not converge to G x in G/G x (Lemma 12.2( b)). 

For any x G M, the image of \l/ x is ^ x (t) x ) since g x = ker\l/ x is its kernel 
(Lemma 12.2( a)). Since i) x is a closed subspace of q, it is a Banach space and we 
consider the injective map 

A x := ^ : ^ -> T,M, ^ ^ ^m(^)- 

If ty x {d) — A x (\)x) is not closed in T X M , then with the aid of Lemma [2.31 we find 
for each n G N an element £ n G \) x such that ||Aj(£ n )|| < -||Cn|| > an d hence 



A ' ^ 
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Thus, setting r\ n := ^jr we get a sequence (r/ n ) in such that ||^ n || = r for all n 
and 

lim A x (r] n ) = 0. 

Let <p : U — > W Q E be & local chart for M centered on the point x (that 
is, <j>(x) = 0) and £,w '■= </>*(£m\u) denote the corresponding smooth vector field 
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on the open subset W of E. For two Banach spaces X and Y we write B(X,Y) 
for the space of continuous linear operators X — ► Y . Then we obtain a smooth 
map 

T:W^B(q,B(E)), r z {Z):=T g (£ w ) 

(that can be understood as the smooth map ^ i — > (^ i — > D 1 F(z, £)) , where F(z, £) = 
Di&(e, z)£). Since T is smooth, it is in particular continuous in 0, so that we find 
for each £>0a<5>0 with T(B s (0)) C B e (r„). Replacing W by 5 5 (0), we get 
for each z &W: 

||r z ||< ||r ||+e=:L. 

Setting D := L ■ r , this yields for all #i and x 2 <E W and all £ G g with ||£|| < r: 

H£wO&i) - £w0&2)|| < sup||T^|| • ||xi - x 2 \\ < sup(||r 2 || • ||f ||) • \\x 1 - x 2 \\ 
< L ■ ||£|| ■ || #i — :r 2 || < L ■ r ■ \\x\ — x 2 \\ = D ■ \\x\ — x 2 \\. 

We now shrink r such that the map 

f i-> 0(exp(O • x) 

maps the closure of the ball B r (0) C g into the ball W = Bg(Q). Then for each 
£ G g with ||£|| < r the curve 7^ : [0, 1] — > W 7 , £ 1— ► 0(exp££ ■ 2) is part of the 
integral curve of the vector field £w through = <p(x) (thus, 7^ can be considered 
as an approximate solution of c(t) = £w(c{t)) for e± = 0). Define j(t) = for 
all t G [0, 1] and note that 7 is a approximate solution of c(t) = £,w( c (t)) f° r 
e 2 ■= U w (0)\\. Applying Lemma E31 to / = [0, 1], t = 0, / : I x W -> E, 
f(z,t) = £ w (z), the constant function k = D and the curves 7 and 7^, we get 

ll 7 5 (t) _ o|| < ||o - o|| ■ A(t) + ||^(o)|| ■ n(t) = ||^(o)|| • n(t) 

with II(£) = t + [-^f±±exp((£ - s)D)] t Q = ±(exp(Dt) - 1). Hence, we have 

||0(exp(O-x)|| = ||7 ? (l)||<n(l)-||^(O)||. 

Thus, since II doesn't depend on £, we get for all n£N: 

||0(exp(r/ n )-a;)ll<n(l)- 11(^)^(0)11 

and because we have \im. n ^ oo (r) n )w(0) = 0, we obtain lim n ^ 0O exp(77 ri ) -x = x. We 
have seen above that this is a contradiction to the properness of the action. ■ 

Combining [Bo 89al Ch. 3, §1, no. 5, Prop. 10] with Theorem 12.11 we 
immediately obtain: 

Corollary 2.5. If M is a Hilbert manifold and $: G x M — > M a smooth 
action of a Banach-Lie group which is free and proper, then the set M/G of 
G -orbits in M carries a unique Hilbert manifold structure for which the quotient 
map M — > M/G is a submersion. 
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Remark 2.6. In |AN07j it is shown that for any smooth action G x M — > M of 
a Banach-Lie group and x G M , the stabilizer subgroup G x is a (not necessarily 
split) Lie subgroup of G if the map ty x : g — > T X (M) has closed range. This result 
demonstrates the interesting interplay between properties of smooth actions and 
closedness conditions for the maps *£? x . For proper actions, stabilizers are compact, 
hence even split Lie subgroups (Lemma 12.21) . 

It is an open problem whether stabilizer subgroups G x of smooth actions 
are always Lie subgroups. That they need not be split is an immediate consequence 
of the fact that for each non-split closed subspace F of a Banach space G = X , 
the subspace F is the stabilizer group G x of any point x in the quotient space 
M = X/F with respect to the induced action. 
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